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a b s t r a c t
I consider a continuous-time optimal consumption and portfolio selection problem
with voluntary retirement. When the agent’s utility of consumption and leisure are of
Cobb–Douglas form, I use the dynamic programming method to derive the value function
and optimal strategies in closed-form. These coincide with the solutions of Farhi and
Panageas (2007) [7], who have solved the problem using a martingale method.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Following the pioneering works of Merton [1,2], there have been many studies on the problem of continuous-time
optimal consumption and portfolio selection. One of the main issues considered within the context of portfolio selection
problems is the voluntary retirement problem. (See [3–7].) The literature regarding voluntary retirement can be largely
divided into the following three categories:
• Labor–leisure model: Farhi and Panageas [7], Choi et al. [5], Barucci and Marazzinay [3]
• Labor-disutility model: Choi and Shim [4]
• Stochastic labor income model: Dybvig and Liu [6], Barucci and Marazzinay [3].
Under the labor–leisure framework, I consider a problem when the agent’s utility of consumption and leisure are of
Cobb–Douglas form. The setup is similar to that of Farhi and Panageas [7], who have solved the problem using a martingale
method. My main contributions are the following.
• Methodological contribution: I use the dynamic programming method based on Karatzas et al. [8] to solve a voluntary
retirement problem when the agent has Cobb–Douglas utility of consumption and leisure.
• I derive the value function and optimal strategies in closed-form: these coincide with those found by Farhi and
Panageas [7].
• I provide a comparison of the dynamic programming solution and the martingale solution in this framework.
2. The financial market
It is assumed that there are two assets in the financial market: a riskless asset and a risky asset. It is also assumed that
the interest rate for the riskless asset is a constant r , and the risky asset St follows the stochastic differential equation
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(SDE) dSt/St = µdt + σdBt , where Bt is a standard Brownian motion on a probability space (Ω,F , P) endowed with the
augmentation {Ft}t≥0 generated by the standard Brownian motion {Bt}t≥0. (See Section 1.7 of Karatzas and Shreve [9] for a
detailed mathematical construction in the infinite-horizon setting of the probability space.) It is assumed that parameters
of the risky asset µ and σ are constants.
The market price of risk is denoted by θ , µ−r
σ
. Let πt be the amount of money invested in the risky asset St at time t ,
ct be the consumption rate process at time t and τ be an Ft-stopping time considered as voluntary retirement time from
labor. The portfolio process πt is an Ft-measurable, adapted process such that, for all t ≥ 0, almost surely (a.s.), t
0
π2s ds <∞.
The consumption rate process ct is a progressivelyFt-measurable, adapted, nonnegative process such that, for all t ≥ 0, a.s., t
0
csds <∞.
The agent in this model receives constant labor income y0 > 0 before retirement. So the agent’s wealth process Xt at time t
follows the SDE
dXt = [rXt + πt(µ− r)− ct + y01{0≤t<τ }]dt + σπtdBt ,
with an initial endowment X0 = x > −y0/r .
3. Cobb–Douglas utility
First I introduce the Cobb–Douglas utility function u(ct , lt) of the form:
u(ct , lt) ,
1
α
· (c
α
t l
1−α
t )
1−γ
1− γ , 0 < α < 1 and γ > 0(γ ≠ 1), (3.1)
where γ is the agent’s coefficient of relative risk aversion and α is a constant parameter. ct is a consumption rate process
at time t and lt is a leisure rate process at time t . I assume that lt is a binary choice variable. That is, lt can only take two
values l1 or L¯; lt = l1 before retirement, and lt = L¯ after retirement. I further assume that l1 < L¯. The labor income stream is
defined as y0 , w(L¯− l1) > 0, wherew is the constant wage rate. Without loss of generality I normalize l1 = 1 and define
γ1 , 1− α(1− γ ). Then the Cobb–Douglas utility function u(·, ·) in (3.1) can be rewritten as follows:
u(ct , 1) = c
1−γ1
t
1− γ1 , if 0 ≤ t < τ, and u(ct , L¯) = L¯
γ1−γ c
1−γ1
t
1− γ1 , if t ≥ τ .
Remark 3.1. If γ > 1, I obtain that γ > γ1 > 1 and L¯
γ−γ1
γ1 > 1. If 0 < γ < 1, then 0 < γ < γ1 < 1 and L¯
γ−γ1
γ1 < 1.
4. The optimization problem
The agent’s optimization problem is to maximize her expected utility
V (x) = sup
(c,π,τ )∈A(x)
E
 ∞
0
e−βt

c1−γ1t
1− γ1 1{0≤t<τ } + L¯
γ1−γ c
1−γ1
t
1− γ1 1{t≥τ }

dt

= sup
(c,π,τ )∈A(x)
E
 τ
0
e−βt
c1−γ1t
1− γ1 dt + L¯
γ1−γ
 ∞
τ
e−βt
c1−γ1t
1− γ1 dt

= sup
(c,π,τ )∈A(x)
E
 τ
0
e−βt
c1−γ1t
1− γ1 dt + e
−βτU(Xτ )

, (4.1)
where β > 0 is a subjective discount factor andA(x) is an admissible class of triples (c, π, τ ).
Assumption 4.1.
K1 , r + β − r
γ1
+ γ1 − 1
2γ 21
θ2 > 0.
Remark 4.1. I use the solution of the classical Merton problem to derive the function U(·) in (4.1) as follows:
U(x) = L¯
γ1−γ
K γ11
1
1− γ1 x
1−γ1 .
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Assumption 4.2. It is assumed that the value function V (·) is increasing. That is,
V ′(x) > 0.
Remark 4.2. For later use, I consider two quadratic equations
f (m) ,
1
2
θ2m2 +

β − r + 1
2
θ2

m− r = 0, (4.2)
with two rootsm+ > 0 andm− < −1 and
g(n) ,
1
2
θ2n2 +

β − r − 1
2
θ2

n− β = 0,
with two roots n+ > 1 and n− < 0.
Remark 4.3. Note that
m+ = n+ − 1 and m− = n− − 1,
since
f (n+ − 1) = g(n+) = 0 and f (n− − 1) = g(n−) = 0.
And note that
β
r − θ22 m−
= m− + 1
m−
= n−
n− − 1 > 0. (4.3)
The next theorem implies my main results.
Theorem 4.1. The value function is
V (x) =

r − θ22 m−
β
D2ξ−γ1m−−γ1 + 1K1(1− γ1) ξ
1−γ1 , if − y0/r < x < x¯,
L¯γ1−γ
K γ11
1
1− γ1 x
1−γ1 , if x ≥ x¯,
where the threshold x¯ corresponding to the optimal retirement time τ is
x¯ = 1
1− L¯
γ−γ1
γ1
 
β
r− θ22 m−

(1−γ1)
− 1
 y0
r
> 0, (4.4)
the coefficient D2 is
D2 = β
r − θ22 m−
 L¯(γ−γ1)m−

1− L¯
γ−γ1
γ1

K−γ1m−1 (1− γ1)
x¯1+γ1m− > 0, (4.5)
and ξ is the solution to the following algebraic equation
x = D2ξ−γ1m− + ξK1 −
y0
r
. (4.6)
Proof. For 0 ≤ t < τ , I have the following Hamilton–Jacobi–Bellman (HJB)-equation
βV (x) = max
(c,π)

{rx+ π(µ− r)− c + y0}V ′(x)+ 12σ
2π2V ′′(x)+ c
1−γ1
1− γ1

. (4.7)
By the first-order conditions (FOCs), I obtain
c∗ = (V ′(x))− 1γ1 and π∗ = − θ
σ
V ′(x)
V ′′(x)
. (4.8)
1090 Y.H. Shin / Applied Mathematics Letters 25 (2012) 1087–1093
Substituting the FOCs (4.8) into the HJB-equation (4.7), I obtain the following equation
βV (x) = (rx+ y0)V ′(x)− 12θ
2 (V
′(x))2
V ′′(x)
+ γ1
1− γ1 (V
′(x))−
1−γ1
γ1 . (4.9)
I now assume that the optimal consumption c∗ = C(x) is a function of wealth and X(c) = C−1(x), then, from the FOCs (4.8),
I derive
V ′(x) = C(x)−γ1 and V ′′(x) = −γ1C(x)
−γ1−1
X ′(c)
. (4.10)
Substituting (4.10) into Eq. (4.9), I obtain
βV (X(c)) = rX(c)c−γ1 + y0c−γ1 + θ
2
2γ1
X ′(c)c1−γ1 + γ1
1− γ1 c
1−γ1 . (4.11)
Differentiating Eq. (4.11) with respect to c , I obtain
θ2
2γ1
c2X ′′(c)+

r − β + 1− γ1
2γ1
θ2

cX ′(c)− rγ1X(c)+ γ1c − γ1y0 = 0. (4.12)
From the second order ordinary differential equation (4.12), I derive the solution X(c) of the form
X(c) = D2c−γ1m− + cK1 −
y0
r
, (4.13)
where m− < −1 is the root of the quadratic equation (4.2). It is easily seen that X(c) in (4.13) is monotonically increasing
since
X ′(c) = −γ1m−D2c−γ1m−−1 + 1K1 > 0,
provided that D2 > 0. (I will show that D2 > 0 later.)
Substituting (4.13) into Eq. (4.11), I derive the value function
V (x) = r −
θ2
2 m−
β
D2ξ−γ1m−−γ1 + 1K1(1− γ1) ξ
1−γ1 , (4.14)
where ξ is the solution to the algebraic equation given in (4.6).
Now I want to determine the threshold x¯ corresponding to the optimal retirement time τ and the coefficient D2. First I
consider the smooth-pasting condition of the value function V (·) at x = x¯. That is,
V ′(x¯) = c¯−γ1 = L¯
γ1−γ
K γ11
x¯−γ1 , (4.15)
where c¯ is determined from the algebraic equation
x¯ = X(c¯) = D2c¯−γ1m− + c¯K1 −
y0
r
. (4.16)
Eq. (4.15) implies
c¯ = K1
L¯
γ1−γ
γ1
x¯. (4.17)
I now consider the continuity of the value function V (·) at x = x¯. That is,
V (x¯) = r −
θ2
2 m−
β
D2c¯−γ1m−−γ1 + 1K1(1− γ1) c¯
1−γ1 = L¯
γ1−γ
K γ11
1
1− γ1 x¯
1−γ1 . (4.18)
Substituting (4.17) into (4.18), then I derive the coefficient D2 given in (4.5). It can be seen that D2 > 0 if I use the facts given
in Remark 3.1 and (4.3). Also substituting D2 in (4.5) and c¯ in (4.17) into (4.16), then I obtain the threshold x¯ given in (4.4)
and it can be seen that x¯ > 0. 
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In the next proposition, I will compare the threshold x¯ and the value function V (·) in Theorem 4.1 with those of Farhi and
Panageas [7]. According to the notation of my paper, the threshold x¯FP in Farhi and Panageas [7] is given by
x¯FP = L¯
γ1−γ
γ1
1− L¯
γ1−γ
γ1
· 1− n−
1+ n−γ11−γ1
· y0
r
,
and the value function V FP(·) is given by
V FP(x) =

d2(λ∗)n− + 1K1
γ1
1− γ1 (λ
∗)−
1−γ1
γ1 +

x+ y0
r

λ∗, if − y0/r < x < x¯FP,
L¯γ1−γ
K γ11
1
1− γ1 x
1−γ1 , if x ≥ x¯FP,
where
d2 = − 1
(1− γ1 + n−γ1)

L¯
γ1−γ
γ1
K1
γ1(n−−1) · x¯FPγ1(n−−1) · y0r
and λ∗ is the solution to the following algebraic equation
− n−d2(λ∗)n−−1 + 1K1 (λ
∗)−
1
γ1 − y0
r
= x. (4.19)
Proposition 4.1. The threshold and the value function coincide with those of Farhi and Panageas [7]. That is,
x¯ = x¯FP and V (x) = V FP(x).
Proof. I have
x¯ = 1
1− L¯
γ−γ1
γ1

n−
(n−−1)(1−γ1) − 1
 y0r
= −1
1− L¯−
γ1−γ
γ1
· 1− n−n−γ1
1−γ1 + 1
· y0
r
= x¯FP,
where the first equality is obtained from (4.3). For x ≥ x¯, the value function is identical to the classical Merton solution
scaled by a constant. Thus, I will compare the value function for y0/r < x < x¯. I derive
− n−d2 = n−
(1− γ1 + n−γ1)

L¯
γ1−γ
γ1
K1
γ1(n−−1) · x¯γ1(n−−1) · y0r
=
n−

1− L¯
γ−γ1
γ1

(n− − 1)(1− γ1)

L¯
γ1−γ
γ1
K1
γ1(n−−1) x¯γ1(n−−1) · (n− − 1)(1− γ1)
(1− γ1 + n−γ1)

1− L¯
γ−γ1
γ1
 · y0
r
= D2, (4.20)
where the third equality is obtained from (4.3)–(4.5). If I compare Eqs. (4.6) and (4.19), then I use (4.20) to obtain
ξ = (λ∗)− 1γ1 . (4.21)
Now I consider the difference V (x)− V FP(x), for y0/r < x < x¯, as follows:
V (x)− V FP(x) = r −
θ2
2 m−
β
D2ξ−γ1m−−γ1 + 1K1(1− γ1) ξ
1−γ1
−

d2(λ∗)n− + 1K1
γ1
1− γ1 (λ
∗)−
1−γ1
γ1 +

x+ y0
r

λ∗

= (1− n−)d2(λ∗)n− + 1K1(1− γ1) (λ
∗)−
1−γ1
γ1
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−

d2(λ∗)n− + 1K1
γ1
1− γ1 (λ
∗)−
1−γ1
γ1 +

x+ y0
r

λ∗

= −n−d2(λ∗)n− + 1K1 (λ
∗)−
1−γ1
γ1 −

x+ y0
r

λ∗
= 0,
where the second equality is obtained from (4.3), (4.20) and (4.21), and the fourth equality is obtained from (4.19). 
Substituting the value function V (·) in (4.14) into the FOCs (4.8), I can obtain the following optimal strategies.
Theorem 4.2. The optimal policies are given by (c∗, π∗, τ ∗) such that
c∗t =

ξ, if − y0/r < Xt < x¯
L¯
γ−γ1
γ1 K1Xt , if Xt ≥ x¯,
π∗t =

θ
σ

−m−D2ξ−γ1m− + ξ
γ1K1

, if − y0/r < Xt < x¯
θ
σγ1
Xt , if Xt ≥ x¯
and
τ ∗ = inf{t ≥ 0 : Xt ≥ x¯},
where ξ is the solution to the following algebraic equation
Xt = D2ξ−γ1m− + ξK1 −
y0
r
.
Remark 4.4. Farhi and Panageas derive the optimal strategies as follows:
cFPt =

(zλ
∗
t )
− 1γ1 , if − y0/r < Xt < x¯,
L¯
γ−γ1
γ1 K1Xt , if Xt ≥ x¯,
and
π FPt =

θ
σ

n−(n− − 1)d2(zλ∗t )n−−1 +
1
K1γ1
(zλ
∗
t )
− 1γ1

, if − y0/r < Xt < x¯,
θ
σγ1
Xt , if Xt ≥ x¯,
where the optimal wealth process Xt is given by
Xt = −n−d2(zλ∗t )n−−1 +
1
K1
(zλ
∗
t )
− 1γ1 − y0
r
.
If I use the facts ξ = (zλ∗t )−
1
γ1 , (4.3) and (4.20), then it is easily seen that
c∗t = cFPt and π∗t = π FPt .
5. Concluding remarks
In this paper, I investigate the optimal consumption, investment and voluntary retirement choice problem with
Cobb–Douglas utility. I use the dynamic programming method to derive closed-form solutions which coincide with the
solutions of Farhi and Panageas.
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